Abstract-We consider products of matrix exponentials under the assumption that the matrices span a nilpotent Lie algebra. In 1995, Leonid Gurvits conjectured that nilpotency implies that these products are, in some sense, simple. More precisely, there exists a uniform bound l such that any product can be represented as a product of no more than l matrix exponentials. This conjecture has important applications in the analysis of linear switched systems, as it is closely related to the problem of reachability using a uniformly bounded number of switches. It is also closely related to the concept of nice reachability for bilinear control systems.
I. INTRODUCTION
Consider the linear switched systeṁ
where x(·) ∈ R n , σ : R + → {0, 1} is a piecewise-constant function called the switching function, and D 0 , D 1 ∈ R n×n . Roughly speaking, Eq.
(1) models a system that can "switch" between the two linear subsystemsẋ(t) = D 0 x(t) andẋ(t) = D 1 x(t). Switched systems have numerous applications and are recently attracting considerable interest (see, e.g., [1] , [2] ).
It is usually assumed that the switching function has a finite number of discontinuities on every bounded interval of time. Let Σ k denote the set of switching functions with up to k − 1 discontinuities on [0, T ], and denote
{exp(C 1 t 1 ) exp(C 2 t 2 ) . . . exp(C k t k ) :
Then, any solution x of (1) corresponding to some σ ∈ Σ k satisfies the following property. For any T ∈ R + , x(T ) = Hx(0) for some H ∈ F(D 0 , D 1 , k, T ). Thus, the matrices This research was supported in part by the Israel Science Foundation. School of Electrical Engineering-Systems, Tel Aviv University, Israel 69978. Homepage: www.eng.tau.ac.il/∼michaelm; Email: michaelm@eng.tau.ac.il in the set F are in some sense the transition matrices of the switched system (1) . Obviously, the analysis of this set plays an important role in understating the behavior of (1).
Suppose for a moment that the matrices D 0 and D 1 commute. Then clearly
for any integer k ≥ 2 and any T ∈ R + . In terms of the linear switched system, this can be roughly stated as follows: anything that can be done using an arbitrary switching function can also be done using a switching function from the set Σ 2 . This considerably simplifies the analysis of (1).
To generalize this idea, we introduce some tools from the field of Lie algebras. The Lie product of A and B is the matrix [A, B] := AB − BA. Let {A, B} LA denote the Lie algebra generated by A and B. If there exists an integer j such that all iterated Lie brackets with j + 1 matrices vanish, then we say that {A, B} LA is nilpotent. In this case, the smallest such j is called the order of nilpotency, and we denote N ({A, B} LA ) = j. Using this terminology, we can restate the simple observation above as: if N ({A, B} LA ) = 1 then (2) holds. In an interesting paper, Leonid Gurvits [3] posed the following conjecture.
Conjecture 1 Suppose that
for any integer k > l and any T ∈ R + .
In other words, nilpotency (of any order) implies that there exists an integer l such that any product of matrix exponentials with k > l terms equals a product of no more than l terms. Conjecture 1 has an important interpretation in the context of the linear switched system (1). It states that any point that can be reached at time T can also be reached, at the same time, using some σ ∈ Σ l . Thus, to analyze the reachable set for arbitrary switching laws, it is sufficient to analyze the system for the restricted set Σ l only.
Conjecture 1 is closely related to the fact that nilpotency (in fact, solvability) implies stability under arbitrary switchings for linear switched systems [4] , [5] . When generalized to the composition of nonlinear flows, this conjecture is closely related to an open problem on the stability of nonlinear switched systems with a nilpotent Lie algebra [6] (see also the partial solutions [7] , [8] and [9] for the first-, second-, and third-order nilpotent case, respectively).
More generally, control systems with a nilpotent Lie algebra attracted considerable research interest. The main reason for this is that given a control systemẋ = f (x)+ug(x), it is possible to construct a nilpotent control system that approximates the original system. Roughly speaking, this is a form of Taylor approximation of the control system that retains information on the original system [10] . Thus, analysis of the nilpotent system provides important information on the original, more complicated, system. For more results on this and related directions, see [11] , [12] , [13] .
The conjecture is also closely related to the problem of uniform finite generation of Lie groups (see [14] and the references therein).
It is trivial to prove that the conjecture holds for the case of first-order nilpotency, that is, when the matrices commute. Gurvits proved that Conjecture 1 holds for secondorder nilpotent systems [3] , that is, when In fact, Gurvits' proof remains valid if we change the matrix exponentials into operators corresponding to the flows of nonlinear vector fields.
In this paper, we present a counter example to Gurvits' conjecture by constructing explicit matrices A, B ∈ R 4×4 , with N ({A, B} LA ) = 3, for which the conjecture does not hold. This provides a complete resolution to Gurvits' conjecture. The counter example is just the bilinear representation of a well-known example from optimal control theory. For more on the application of variational principles in the analysis of switched systems, see the survey paper [16] .
The Conjecture, as stated, is false. Yet, it was recently shown that third-order nilpotent systems do enjoy some nice regularity properties. In particular, any point in the reachable set can be reached using a piece-constant (but not necessarily bang-bang) control with no more than four switches. We show that even this weaker type of "uniformly finite" reachability does not hold for the case of fifth-order nilpotent systems.
II. MAIN RESULT
We are now ready to state our main result.
Proposition 1 There exist matrices A, B ∈ R
4×4 , T ∈ R + , and an infinite set of integers 0 < i 1 < i 2 < i 3 < . . . such that N ({A, B}) = 3 and
Note that this immediately implies that Conjecture 1 is false. 1 See, e.g., the very lucid presentation in [15] . The next result will be used in the proof of Proposition 1.
Proposition 2 For any integer
Proof. It is possible to prove this directly. Yet, we use a control-theoretic approach which provides more insight. Consider the bilinear control systeṁ
where U is the set of measurable functions taking values in We fix the initial condition
For a control u ∈ U and time t ≥ 0, let x(t; u) denote the solution of (3), (4) at time t, and let J(u) := x 2 (1; u). Consider the following optimal control problem: find the control u * ∈ U that maximizes J(u). It follows from standard results (see, e.g., [17] ) that this problem is wellposed, i.e., an optimal control does exist.
It is easy to verify that x 1 (t) ≡ 1, and that x 3 (t) = x 2 4 (t) ≥ 0. Sinceẋ 2 (t) = 1−x 3 (t) = 1−x 2 4 (t), andẋ 4 (t) = 2u(t) − 1, the optimal control is u * (t) ≡ 1/2. The corresponding trajectory is x * (t) = exp(t(A + B)/2)x(0). This yields x * 2 (t) = t so J(u * ) = 1. Any other control 2 , including any bang-bang control, yields J < 1.
We now show that Proposition 2 holds. Seeking a contradiction, suppose that the proposition is false, i.e., there exists an integer k such that exp((A+B)/2) ∈ F (A, B, k, 1) . This implies that we can find times τ i ≥ 0, i = 1, . . . , k, with
But this implies that there exists an optimal control that is bang-bang. This contradicts the above analysis and thus completes the proof of Proposition 2.
We now use Proposition 2 to prove our main result. Let i 1 := 2 and fix some matrix norm || · ||. Define F(A, B, i 1 , 1) }.
It follows from Proposition 2 that 1 > 0.
The famous Lie product formula [15] , [18] states that for
Hence, there exists an integer j > i 1 such that F(A, B, i 1 , 1) = F(A, B, i 2 , 1) . It follows from Proposition 2 that 2 > 0, and proceeding in this fashion we derive an infinite set of integers for which Proposition 1 holds. This completes the proof of our main result. F(A, B, k, 1) is the range of the mapping
The definition of F implies that exp(

Thus,
Remark 1 Note that the set
with the t i s taking values in the compact set {(t 1 , . . . , t k ) :
IV. AN OPEN PROBLEM
Consider the bilinear control system (3). For a control u ∈ U, an initial condition x 0 ∈ R n and a final time T > 0, let x(T ; u, x 0 ) denote the solution of (3) at time T for x(0) = x 0 . The reachable set at time T is then
Let PC k ⊂ U denote the set of piecewise-constant controls with no more than k − 1 discontinuities on any interval of time. In other words, v ∈ PC k implies that v contains no more than k "pieces", and v is constant on each piece.
We say that (3) has the uniform finite piecewise-constant reachability (UFPCR) property if there exists an absolute integer j such that
In other words, any point in the reachable set can also be reached using a piecewise-constant control with no more than j pieces. Note that the bound j is uniform over all final times and initial conditions. The next result is a special case of the main result in [9] .
Theorem 1
If N ({A, B} LA ) = 3 then the reachable set of (3) satisfies
Note that this suggests that the underlying philosophy of Gurvits' conjecture is, in some sense, valid even when N ({A, B} LA ) = 3. The reachable set is indeed spanned by controls with a finite number of pieces. However, bang-bang pieces are not enough.
One may be tempted to believe that nilpotent systems, with any order of nilpotency, enjoy some type of uniformly finite reachability property. The next example shows that the UFPCR property, or any other type of finite reachability property, does not hold when N ({A, B} LA ) = 5. (t)dt subject to: u ∈ U, y(0) = p and y(1) = q. It is wellknown [19] that for all p and q sufficiently close to the origin, the problem admits a unique optimal control u * that is bang-bang with an infinite (countable) number of switches on the time interval [0, 1].
Define a new state-vector x = (x 0 , x 1 , . . . , x 6 ) T as follows: 
Note that by definition J(u) = x 6 (1). Hence, the above discussion implies that there exists an initial condition in the form
T such that the 45th IEEE CDC, San Diego, USA, Dec. [13] [14] [15] 2006 ThIP7.10 following property holds. There exists a point in R(1; U, x 0 ) that can be reached only using the chattering control u * . In particular, this implies that for this bilinear system no reachability property with a finite number of pieces can hold. Finally, it is easy to verify that that N ({C, D} LA ) = 5.
Thus, somewhere between the case N ({A, B} LA ) = 3 and N ({A, B} LA ) = 5 the property of reachability using controls with a finite number of "pieces" is lost. This leads to the following interesting question. V. CONCLUSIONS We considered products of matrix exponentials under the assumption that the matrices generate a nilpotent Lie algebra. In 1995, Leonid Gurvits conjectured that nilpotency, of any order s, implies that there exists an integer l = l(s), such that any product containing k > l terms equals a product containing no more than l terms.
This conjecture has important implications in the analysis of linear switched systems with a nilpotent Lie algebra. Indeed, if the conjecture were true then the problem of analyzing the behavior under switching laws with an arbitrary number of switchings would be reduced to analyzing the system for switching laws with up to l − 1 switchings.
Gurvits used the BCH formula to prove that the conjecture holds when the matrices generate a second-order nilpotent Lie algebra. In this paper, we showed that the conjecture is, in general, false. The proof is based on a control-theoretic analysis of a specific example with a third-order nilpotent Lie algebra.
We also showed, using the well-known analysis of Fuller's example, that any other form of finite reachability property fails in general for control systems with a nilpotent Lie algebra.
